Lesson 4.3 Functions
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MCA 4.3
Functions

Copyright © 2019 Cengage Learning. All rights reserved. 1

What You Will Learn

P Identify the domain and range of a relation.

» Determine whether relations are functions.
P Use function notation and evaluate functions.

P Identify the domain and range of a function.
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P Identify the domain and range of a function.

» Determine intervals on which functions are increasing or
decreasing.

P Identify even and odd functions.

» ldentify and graph step and other piecewise-defined
functions.
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Definition of Relation

A relation is any set of ordered pairs. The set of first
components in the ordered pairs is the domain of the relation.
The set of second components is the range of the relation.

In mathematics, relations are commonly described by ordered
pairs of numbers. The set of x-coordinates is the domain, and
the set of y-coordinates is the range.

In the relation {(3,5), (1,2), (4,4), (0,3)}, the domain D and range
R are the sets D ={3, 1, 4,0} and R = {5, 2, 4, 3}.
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Example 1 — Analyzing a Relation

Find the domain and range of the relation {(0, 1), (1, 3), (2, 5), (3, 5), (0, 3)}.
Then sketch a graphical representation of the relation.

Solution:
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Then sketch a graphical representation of the relation.

Solution:

set of all second components. So, the domain D and the rar;ge R are the se

D={01,2, 3) D K i %
and X ‘?’ l x%:" ':?fl“::t:: 3
R={1,3, 5) |

3 Eens

A graphical representation of the relation is shown. Domain “Range

You should note that it is hot necessary to list repeated components of the
domain and range of a relation.
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Students, draw anywhere on this slide!

Definition of Function

A function is a relation in which no two ordered pairs
have the same first component and different second
components.

This definition means that a given first component
cannot be paired with two different second
components. For instance, the pairs (%,3) and (,—-1)
could not he ordared pairs of a funcilion:
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The ordered pairs of a relation can be thought of in the
form (input, output). For a function, a given input
cannot yield two different outputs. For instance, if the
input is a person’s name and the output is that
person’s month of birth, then your name as the input
can yield only your month of birth as the output.
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Example 2 — Testing Whether a Relation Is a Function

Decide whether each relation represents a function.

a. Input: a, b, ¢ YCS b. | /51
2
Output: 2, 3, 4 ; ;

{(8, 2), (&, 3), (¢, 4)} '

Input Output

ll c Input, x | Output, y | (x, )

3 1 o)
4 3 (4,3) N o
5 4 (5.4)
3 2 QP
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Example 2 — Testing Whether a Relation Is a Function cont'd

Solution:

a. This set of ordered pairs does represent a function. No first
component has two different second components.

b. This diagram does represent a function. No first component
has two different second components.

c. This table does not represent a function. The first component
3 is paired with two different second components, 1 and 2.
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In algebra, it is common to represent functions by equations in two
variables rather than by ordered pairs. The equation y = x° represents
the variable y as a function of x.

The variable x is the iridependent variable (the iriput) and y.is the
dependentvariable (the oiifput). In this content, the domain of the
function is the set of all allowable values of x, and the range is the
resulting set all the values taken on by the dependent variable y.

Vertical Line Test

A set of points on a rectangular coordinate system is the graph of y as
a function of x if and only if no vertical line intersects the graph at more
than one point.
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Example 3 — Using the Vertical Line Test

Use the Vertical Line Test to determine whether yis a
function of x.

N N >

1 O N e
| \ -
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Example 3 — Using the Vertical Line Test cont'd

Solution:

a. From the graph, you can see that no vertical line
intersects more than one point on the graph. So, the
relation does represent y as a function of x.

b. From the graph, you can see that a vertical line
intersects more than one point on the graph. So, the
relation does not represent y as a function of x.

~ Eram tha Aranh viAaill ~an can that na viardtiaal lina
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relation does not representy as a function of x.

c. From the graph, you can see that no vertical line
intersects more than one point on the graph. So, the
relation does represent y as a function of x.
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Function Notation

Function Notation
In the notation f(x):
fis the name of the function.
X is the domain (or input) value.
f(x) is a range (or output) value y for a given x.
The symbol f(x) is read as the value of f at x or simplify f of x.

The process of finding the value of f(x) for a given value of x is called
evaluating a function.

This is accomplished by substituting a given x-value (input) into the

equation to obtain the value of f(x) (output).
Copyright © 2019 Cengage Learning. All rights reserved.
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Example 4 — Evaluating a Function

Let %} = x2+1. Find each value of the function.
a. f(—-2) \ b. f0)
Solution: )

a. %f) = %2 + 1 Write original function.

, L
f"'z) =g %') i 7’7 ! Substitute — 2 for x.
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A. J — A&V L vvrite original runcuon.

f(= ?) =QZ +-'ll- Substitute - 2 for x.
!
‘(’7"» =(:§ ) Simplify.
b. .(}() = %2+ 1 Write original function.
f(G) = Substitute 0 for x.
- Simplify.
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The Domain and Range of a Function 2

The domain of a function can be discrete or continuous.
A discrete domain consists of only certain humbers in
an interval, and a centinucus domain consists of all

. humbers in an interval.

N, /
7:/176,’645
Discrete Domain

R A
0 1 2 3 4 5 6

Integers from 1 to 5

Students, draw anywhere on this slide!

Continuous Domain

r 1 ) Il 1
| i ¥ SEER |
1 2 3 4 35

-

i |
1} 6
All real numbers from 1 to 5
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Increasing and Decreasing Functions 1

The more you know about the graph of a function, the
more you know about the function itself. Consider the
graph shown in the figure. As you move from /eft to
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more you Know about the tunction Itselr. Consider the
graph shown in the figure. As you move from left to
right, this graph falls from x = =2 {o x = 0, is conslant
fromx=0tox =2, andrises from x =2 {0 x =4,

¥
% 4
%
)
(% 1/
% A /
(Constant 7
1 *
-
= O] 1 2 3 &
G e
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Example 8 — Describing Function Behavior

Determine the open intervals on which the function is
increasing or decreasing.

¥ ..,l"[.a )=xi- _h-
_ Pl i d
| =5,2) N

e EteT 1___&[_
/| :

I

Solution:

The function is increasing on the interval (===, =1),
decreasing on the interval {~%,-%), and increasing on the
interval {1 ).
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Even and Odd Functions
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In the terminology of functions, a function is said to be
even when its graph is symimetric with respect to the
y~axis and @dd when its graph is symmetric with
respect to the crigin.

Tests for Even and Odd Functions

A function y = f(x) is evein when, for ea m the
domain of f, f(—x) = f(x). \0 )(

A function y = f(x) is ¢dd when, for eac x |n the
domain of £, f(— x) = - f(x). \9 x
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Example 9 — Even and Odd Functions cont’d

The figures below show the graphs and symmetry of
these two functions.

Students, draw anywhere on this slide!

5 ]
i { \ 6 /
NN
- g(x) = V- x| ;,’
. 1;(1 » 4
= 2 T SR
=3, =2 ’ 2 3 g
G X
_x,— +l = — —s
( });"’ ) /ﬁ(l) :.Q+ 1
,'5 I S S
T I Qg T
Symmetric to orjgin: Odd Function Symmetric to }"\Xi93 Even Function
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Step and Piecewise-Defined Functions 2

The graph of the greatest integer function f(x) = [[x]]
has the characteristics below, as shown in the figure.
« The domain of the function is the set of all real numbers.
« The range of the function is the set of all integers.
+ The graph has a y-intercept at((0, 0) Jand x-intercepts in the interva
« The graph is constant between each pair of consecutive integer values of x.
« The graph jumps vertically one unit at each integer value of x.

Example 11 — Graphing a Piecewise-Defined Function

Sketch the graph of m—@l

Solution:

This piecewise-defined function consists 3
of two linear functions. At x = 1 and to the
left of x = 1, the graph is the line y = 2x +
3, and to the right of x = 1, the graph is
the line y = -x + 4, as shown in the figure.
Notice that the point (1, 5) is a solid dot
and the point (1, 3) is an open dot. This
is because (1) = 2(1) + 3 =5.

ﬁ Coovriacht ® 2018 Cenaaae | earnina  All riahts reserved
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Absolute Value Functions 4

» One common type of piecewise-defined function is
the absolute value function.

The absolute value function can be defined by two linear
pieces as

flx) = |x| =
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(3

Students, draw anywhere on this slide!

Absolute Value Functions 5

The graph of the absolute value function f{(x) = |x| has the characteristics below, as
shown in the figure.

/A

* The domain of the function is the set of all real numbers.

* The range of the function 1s the set of all real numbers greater than or equal to 0.
 The graph has a y-intercept at the point (0, 0).

* The function is decreasing on the interval (—= , 0).

+ The function is increasing on the interval (0, = ).

* The function is symmetric with respect to the y-axis. So, the function is even.
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Students, draw anywhere on this slide!

Example 12 Evaluating an Absolute Value Function

Evaluate the function f(x) = 2|x + 3| — 1

when x = —4,0, and %
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Students, draw anywhere on this slide!
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