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Module 7: Quadrilaterals
Geometry

5
Content Objective

Students apply and prove theorems about the properties of
parallelograms.

Students use the properties of rectangles to determine whether a
parallelogram is a rectangle and to write proofs.

Students applyf anc] prove the properties of rhombi and squares.

h W S

Students recognize and apply the properties of trapezoids and

kites.

v

MA.912.GR.1.4

Prove relationships and theorems about parallelograms. Solve
mathematical and real-world problems involving postulates,
relationships and theorems of parallelograms.

MA.912.GR. 3.2

Given a mathematical context, use coordinate geometry to classﬂpr
justify definitions, properties and theorems involving circles, trighles or“l
quadrilaterals.

MA.912.GR.3.3

Use coordinate geometry to solve mathematical and real-world
geometric problems involving lines, circles, triangles and quadrilaterals.

MA.912.GR.1.5

2 Thebrems

Theorem 7.7 Parallelogram Opposite Sides Converse
If both pairs of opposite sides of a quadrilateral are B (@

congruent, then the quadrilateral is a parallelogram.
If AB = CD and BC = DA, then ABCD is
a parallelogram.

A D

Theorem 7.8 Parallelogram Opposite Angles Converse

If both pairs of opposite angles of a quadrilateral are
congruent, then the quadrilateral is a parallelogram.

If ZA= /Cand £B = /D, the| Dias \l/‘
a parallelogram. aé{sy P&rﬁ 5

Proof Ex. 39, p. 383

iV

Students, draw anywhere on this slide!
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MAITL06R. 3.2

Given a mathematical context, use coordinate geometry to classﬂp or
justify definitions, properties and theorems involving cir
quadrilaterals.

MA.912.GR.3.3

Use coordinate geometry to solve mathematical and real-world
geometric problems involving lines, circles, triangles and quadrilaterals.

| MA.912.GR.1.5

5) Theoremg

Theorem 7.7 Parallelogram Opposite Sides Converse
If both pairs of opposite sides of a quadrilateral are B c
congruent, then the quadrilateral is a parallelogram.

If AB = CD and BC = DA, then ABCD is

4 a parallelogram. A D

Theorem 7.8 Parallelogram Opposite Angles Converse

If both pairs of opposite angles of a quadrilateral are
congruent, then the quadrilateral is a parallelogram.

If ZA= /Cand £B = /D, the| D “‘/l
a parallelogram. ﬁb’& P‘U'Q 5

Proof Ex. 39, p. 383
— - -

’.4 Y Students, draw anywhere on this slide!

its opposite angles are congruent.

‘Cg Theorems

Theorem 7.5 Parallelogram Consecutive Angles Theorem

If a quadrilateral is a parallelogram, then its

Q R
consecutive angles are supplementary. ‘ %0 \"w ﬂ)y
L i———
If PORS is a parallelogram, then x° + y° = 180°. V] o @
P S

Proof Ex. 38, p. 373

Theorem 7.6 Parallelogram Diagonals Theorem

If a quadrilateral is a parallelogram, then its R
diagonals bisect each other.

If PORS is a parallelogram, then QM = SM
and PM = RM. p
Proof p.370
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©) Theorems

Theorem 7.9 Opposite Sides Parallel and Congruent Theorem
If one pair of opposite sides of a quadrilateral are congruent g c
and parallel, then the quadrilateral is a parallelogram.

If BC ||AD and BC =AD, then ABCD is

api Ielogruln o

Proof Ex. 40, p. 383

Theorem 7.10 Parallelogram Diagonals Converse

If the diagonals of a quadrilateral bisect each other, B

G
then the quadrilateral is a parallelogram. 7o B 7/7
g ©) Corollaries

Corollary 7.2 Rhombus Corollary

A quadrilateral is a rhombus if and only if it has A B
four congruent sides.

ABCD is a rhombus if and only if

AB =BC =CD =AD. D [4

Proof Ex. 81, p. 396

Corollary 7.3 Rectangle Corollary

A A quadrilateral is a rectangle if and only if it has A B
four right angles.
ABCD is a rectangle if and only if
ZA, ZB, ZC, and £D are right angles. D c

Proof Ex. 82, p. 396

Corollary 7.4 Square Corollary

A quadrilateral is a square if and only if it is A B
arhombus and a rectangle.

ABCD is a square |f3’|_011y if

AB =BC =CD =AD and £A, /B, £C, D G

and ZD right angles. s
Proof Egsl. p.396
-
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a parallelogram.

Proof Ex. 40, p. 383

Theorem 7.10 Parallelogram Diagonals Converse

D
If the diagonals of a quadrilateral bisect each other, B G
then the quadrilateral is a parallelogram. / \_\ ;’ 7

©) Corollaries

Corollary 7.2 Rhombus Corollary
A quadrilateral is a rhombus if and only if it has A B

four congruent sides.
ABCD is a thombus if and only if
AB =BC =CD =AD.

Proof Ex. 81, p. 396

Corollary 7.3 Rectangle Corollary
A quadrilateral is a rectangle if and only if it has A B

four right angles.

ABCD is a rectangle if and only if

ZA, ZB, ZC, and £D are right angles. D c
Proof Ex. 82, p. 396

Corollary 7.4 Square Corollary
A quadrilateral is a square if and only if it is A B

arhombus and a rectangle.
s ABCD is a square i ww if _|

AB =BC =CD =AD and ZA, /B, £C. D G

5 and ZD ght angles. s
g Proof E;S}. p.396 5
|

A rhombus is a A rectangle is a

&) Theore
Theorem 7.1 Rhombus Diagonals Theorem a OT H

A parallelogram is a rhombus if and only if its
diagonals are perpendicular. v

—————— R
JABCD is a thombus if and only if AC ALBD.
—
Proof p. 390; Ex. 72, p. 395 D C

Theorem 7.12 Rhombus Opposite Angles Thoeren‘vb
A parallelogram is a rhombus if and only if each A
diagonal bisects a pair of opposite angles.

JABCD is a thombus if and only if AC bisects ZBCD
and ZBAD, and BD bisects ZABC and ZADC.

Proof Exs. 73 and 74, p. 395 @ \0\

-

Students, draw anywhere on this slide!

2) Theorem

Theorem 7.13 Rectangle Diagonals Theorem

A parallelogram is a rectangle if and only if A B

its diagonals are congruent. ";
[JABCD is a rectangle if and only if AC = BD. T
Proof Exs. 87 and 88, p. 306 o IV D -

Theorems: Conditions for Rhombi and Squares
Theorem 7.17

If the diagonals of a parallelogram gre perpendjcular, then the
parallelogram is a_m ﬁWﬂ\b’\S

Theorem 7.18

If one diagonal of a parallelogram bisects a pair of opposite angles,
then the parallelogram is gm& ﬁhom

Theorem 7.19

If two consecutive sides of a parallelogram are congruent, then the
parallelogram is a‘h;ﬁl’)bﬁ/\ E j

Theorem 7.20
If a quadrilateral is both a rectangle and a rhombus, then it is a

WARS

Students, draw anywiiere on this sliu=!
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A parallelogram is a rectangle if and only if A B

its diagonals are congruent. '; 5
[JABCD is a rectangle if and only if AC = BD. T L
Proof Exs. 87 and 88, p. 306 o IV D -

Theorems: Conditions for Rhombi and Squares
Theorem 7.17

If the diagonals of a parallelogram gre perpendjcular, then the
parallelogram is a'-‘(j%ﬁ\lb’\

Theorem 7.18
If one diagonal of a parallelogram blsectf pair of opposite angles,

then the parallelogram is a ﬁhom
Theorem 7.19

If two consecutive sides of a parallelogram are congruent then the
parallelogram is ah a j

Theorem 7.20
f a quadrilateral is both a rectangle and a rhombus, then it is a

WARS

Students, draw anywiiere on this sliu=!
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L)
A trapezoid is a quadrilateral with at'leastone \W " B/0D°
pairof parallelsides: In a trapezoid that is not a I s

parallelogram, the parallel sides are called the le gé '; leg

bases and the nonparallel sides are called legs.

A base angle is formed by a base and a leg. In
trapezoid ABCD, £A and 4B are one pair of

base angles, and 2C and 4D are the other pair.
If the legs are congruent then a trapezoid is an

base

Students, draw anywhere on this slide!

Properties of an Isosceles Trapezoid MaLs

P
B T~

~ C

~a

\ @ Has one pair of parallel and unequal opposite sides (bases)

) _Hae i narallal cida.

A

) Theorem

Theorem 7.17 Trapezoid Midsegment Theorem

The midsegment of a trapezoid is parallel to each base, and A % B
its length is one-half the sum of the lengths of the bases.

If MN is the midsegment of trapezoid ABCD, M N
then MN | AB.MN || DC. and MN = %(AB + CD).

Proof Ex. 49, p. 406 (2_ Q4+ \_) D 20

o e el Pear Deck Interactive Si
N U : D

Q) Theorems

Theorem 7.18 Kite Diagonals Theorem
If a quadrilateral is g Kite, then its diagonals are N




\ (® Has one pair of parallel and unequal opposite sides (bases)

) _Hae narallal cida.

) Theorem

Theorem 7.17 Trapezoid Midsegment Theorem

The midsegment of a trapezoid is parallel to each base, and A % B
its length is one-half the sum of the lengths of the bases.

If MN is the midsegment of trapezoid ABCD, M N
then MN || AB.MN || DC. and MN = 3(AB + CD).

Proof Ex. 49, p. 406 /\4 (2_0.{.\_) D 20

C:) Theorems

Theorem 7.18 Kite Diagonals Theorem
If a quadrilateral is g Kite, then its diagonals are
perpendicular. q

If quadrilateral ABCD is a kite, then AC L BD.

Proof p. 401

Theorem 7.19 Kite Opposite Angles Theorem
If a quadrilateral is a Kite, then exactly one pair

of opposite angles are congruent

If quadrilateral ABCD is a kite and BC = BA.,

then ZA = ZC and £B %= £D.

Proof Ex. 47, p. 406

o

Students, draw anywhere on this slide! Pearn?‘e‘ck Interactive _5\:51

Kites
A E{(tgis a convex quadrilateral with exactly two distinct pairs of

acent congruent sides. Unlike a parallelogram, the opposite
sides of a kite are not congruent or parallel.

Theorems: Kites

Theorem 7.25

If a quadrilateral is a kite, then its diagonals are perpendicular.
—_—

>

Theorem 7.26
\ If a quadrilateral is a kite, then exactly one pair of opposite

£ and £D are vertex a %

£B and £C are the non-vertex angle$.

Lines AD and BC are diagonals

and always meet at right angles

Line AD. the axis of symmetry.

bisects diagonal BC, bisects

£ A and £D and bisects the

kite into 2 congruent triangles:
& ABD and & ACD

Side AB = side AC b
Side BD = side CD

Line OB = Line OC

Diagonal BC bisects the kite

into 2 isoceles triangles

Kite Area={AD xBC) = 2
Y




| .
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£ZA and £D are vertex arbs“,w Z ‘.‘ m‘ﬁ
£B and £ are the non-vertex ang‘u! | 0

a
Lines AD and BC are diagonals
and always meet at right angles Ak
Line AD. the axis of symmetry. h
bisects diagonal BC, bisects —m
£ A and £D and bisects the
kite into 2 congruent triangles:
& ABD and & ACD

Side AB = side AC b
Side BD = side CD
Line OB = Line OC
Diagonal BC bisects the kite
into 2 isoceles triangles

Kite'Area=.(AD xBC) + 2
Y

- : ~

=
3

Students, draw anywhere on this slide!

s )
*Find all angles and side measureg)r all problems on this page!

Find the values of xand y.

el

- Students, draw anywhere on this slide!

Example 2
Use Prope t1es of Re taglg

Check /7.) +? /Z_‘T />->—'L ‘:ga‘)’

Quadrilateral JKLM is a rectanglte.
Part A

If MN = 3x+ 1 and JL 2x + 9, find MK. Round
to e nearest tenth 1f necessary.

EEXED

Students, draw anywhere on this slide!

Example 2 -

Use Properties &c nﬁand Algebra
@D ? J

Check :_,&l

Quadrilateral JKIM I?g ngle

2%- bt Sx 422140

§X=4 =180
F4 £

Fx=1%

=25

Part B

If mzJINK = (5x + 2) and mf% (3x 6) 3

Exa p;! 3
Prov "e] % R%i nships ( 0()%
Given: PQRS is a rectangle §

rove: QT = RT

N-/
31
Ll

P s
Statements Reasons

1. PQRS is a rectangle; PT = ST | 1. Given




Example 2
Use Properties

&ct’&nﬁand Algebra ;X ¥ ﬁj’— A

) "Ql‘

g2 ,,(

f/?‘ AQ a-
Part B 3(27 Q

If mzJINK = (5x + 2) and mf% (3x 6) 3
Examp]&)3

Pro"e] vﬁ' R%i nships (0(}%
Given: PQRS is a rectangle §

Check
Quadrilateral JKILM I?g c&mg

1

\

N-/

Prove: QT = RT L
p s
Statements Reasons
1. PQRS is a rectangle; PT = ST . Given
2. PQRS isa parallelogr m 2 Definiﬁ&w"} rectangle

. Opp. sides of a [7 are =.

. Definition of rectangle

. All right angles are congruent.

. SAS '
< IEPCTE

44:?? anckwb o<

5.4S8 = /_P
-4 OPT aANT

79T € AT

- Students, draw anywhere on this slide!

HFLM=2x-9and KN=x+15in
rhombus KLMN, find the value of x.

ZX 4= \)gf—lf

sz_
X=2

o\ Students, draw anywhexé on this slide!

~<’/ ,OL/|

\I

3.RS= 4""!-— & tvalues o&éﬁd yls quadrilateral

I |

4 s5and 2 PQRS a parallelogram?
bomsTe Amdahe lengths &'\all the sides. \D ¥ A\
o q X+9 Q
+ % —><
Li/ \a_‘
xX+7 2
oy
+? =X -I~ | s 2% — 1 R

To=X o]

For what values of x and yis quadrilateral ABCD a parallelogram?
Determine the measures of each angle

\

2%- bt Sx 422140

§X=4 =180
F4 £

fx=13

——

!
=25




4.2Sand 2P

6. ARST= Amdahe lengths w\all the sides. {0

7.QT =RT

= X-=
-+? LI W
L 10=X %©I

For what values of x and yis quadrilateral ABCD a parallelogram?
Determine the measures of each angl

3xX-32= X
2 + 3<

Sx= LX+
ST SET3R

R

o Students, draw anywhere on this slide!

g I |
3.FS= QP For t Values o&éﬁd yls quadrilateral PQRS a pa:\r—a’)l\elogram?

x+9 Q

Sx
3~
(@Y
—
N

For what value of xis quadrilateral MNPQ a parallelogram?

M N
10 — 3x

— Jo-
=%
o 2
(X=3

- p \
as Of the umbered an‘bfgf inr mbusAB%D.

Students, draw anywhere on this slide!
\ (/ A

ZF

In rectangle QRST, QS=5x—-31and R7T = 2x + 11.
Find the lengths of the diagonals of QRST . o

== d.' o \5‘(’/
a %? n %“
X+ = Sx~ o
;%x 53

| ST s T 4P MU-



vﬁ:: Students, draw anywhere on this slide!
v q \J

%‘L
migsures Of the numbered an‘bl‘gfln rhimbusABD
\

4 =
F(gcq% Z)\vi’ib /Pb

N IZ.Z_‘

Z =27 S& o

In rectangle QRS7T, QS=5x—-31and R7T = 2x+ 11.
Find the lengths of the diagonals of QRST .
—

Students, draw anywhere on this slide!

The stone above the arch in the diagram is an
isosceles trapezoid. Find m ZK, m £ZM,and m £J.

Students, draw anywhere on this slide!

Part C Find the perimeter of the front
e of the guitar in centimeters.

\

[= J(Bx—l +3+Y

(7[)(64_(— L{X‘L':c 345
Etn( +f @

\ ma) = '(/?-4-@




Part C Find the perimeter of the front
e of the guitar in centimeters.

\

L( \)4-(;— L(x.\.l;c 3x+5 ) _
Eb)( +f @

e

Find m Z Din the kite shown.

Find m<F in the kite.

[(1S+23 =188 °

S60-188 = $72
bera 2
CF< ped

Students, draw anywhere on this slide!

Example 6

Find Angle Measures in Kites
7 28771 200 rf
(360)-200 = (60

If FGHJ is a kite, find mzF.
Also find

\ 2= pD

In a kite, the measures of the angles are 3x°, 75°, 90°, and 120°.
Find the value of x . What are the measures of the angles that are

7,"3() | DNrT9 +H404120=3



Find Angle Measures in Kites
28+723 200
(360)-200 = (60

If FGHJ is a kite, find mzF.

Also find

\ 2. p

In a kite, the measures of the angles are 3x°, 75°, 90°, and 120°.
Find the value of x . What are the measures of the angles that are

7,"3() | DNrT9 +H404120=3

Kite's Perlmeter =86 ft. Determine the value of x and y.

Students, draw anywhere on this slide!

If £G = FH, is trapezoid EFGH isosceles? YC §

E

If m £ HEF = 70° and m £ FGH = 110°,

is trapezoid £FGH isosceles? 3 0 ’
= 24(4) W%,
12/

If a quadrilateral is a kite, it has one diagonal
forming two congruent triangles. A ¢
Given: kite ABCD
Prove: ABAD = ABCD
Proof: D
Statements Reasons

1. kite ABCD ), Siven
—_— 2. A kite has two distinct sets of
: adjacent, congruent sides.
3. 3. Reflexive property.
4. ABAD = ABCD 4.

k= \;Qm) ',S\.':;?,;‘b‘”’f
7& - . e N - O O




If m £ HEF = 70° and m £ FGH = 110°,

is trapezoid EFGH isos?egs;q 2 ZL( (17/)
1/

If a quadrilateral is a kite, it has one diagonal
forming two congruent triangles.
Given: kite ABCD
Prove: ABAD = ABCD
Proof: D
Statements Reasons
1. kite ABCD f, Siven
— - 2. A kite has two distinct sets of
2ADx _ ;AB X di t t sidl
i adjacent, congruent sides.
3. 3. Reflexive property.
4. ABAD = ABCD 4.

[B=1(X+§ NP R

2 D-4S T i

> .. ae d o de & ]
Given: YX = WX -
XZ bisects £tYXW Ye W
Prov
STATEMENT REASON
1. ¥X =WX N

XEbisects LYXW
2 _ 2. Definition of bisector
o.avxz <[ |+ [EGH
s I |- RN

Show that quadrilateral y [ ]
ABCD is a parallelogram. 8 B(2, 5)
1
A(-3,3)
2
A5, 2)
cb B l
80=8D -4 | -2 D(0,0) | 4 6 | x
[ Tl TTTTTI

The points 4 (=5, 6), B(4, 9), C(4, 4), and D (-2, 2) form the
vertices of a quadrilateral. Show that ABCD s a trapezoid. Then decide

Slopes of AD and By ietherdl: isisasceles.
They are parallel -1/1

Slopes of AB and DC are congruent also
Parallel 2/5

0
7]

Distance Formula from point Y (4,8) and (7,2)

7-4 squared plus 2-SFpyresd vertices of “ABCD are A (2, 4), B(5, 2), and C (3, —1). Find the

3 squared plus -6 squal

9+36 888inates of vertex D.
45

So square root of 45 \ i B T B T T S T T T —



BD=BD

The points 4 (=5, 6), B(4, 9), C(4, 4), and D (-2, 2) form the
vertices of a quadrilateral. Show that ABCD s a trapezoid. Then decide
Slopes of AD and By ietherdl: isisasceles.

They are parallel -1/1

Slopes of AB and DC are congruent also
Parallel 2/5

3 squared plus -6 squarg
9436 888iates of vertex D.
45

S0 square root of 45

Square root of 9 times s(ar& mof of 5

Distance Formula from point Y (4,8) and (7,2)

7-4 squared plus 2-8Fpyeesd vertices of “ABCD are A (2, 4), B(5, 2), and C (3, —1). Find the

T D(0,0) | 4 | 6 | «x

\

Students, draw anywhere on this slide! Pear Deck Interactive

Decide whether PQRS with vertices P (-5, 2), Q(0,4), R(2, -1),
Thisis not anisoscelegepeP-3, —3) is a rectangle , a rhombus , or a square . Give all names

Since

The that apply.

Legs
Thqﬁrgiopes are -5/2 and 2/5
TheSprresriegative reciprocals
Therefore all angles are 90 degr
Being perpendicular.

Each of the sides are congruent.

Therefore the parallelogram is
A rectangle, rhombus, and
Square!

pes: 4/1and 1/4
sides are congruent,
the slopes

ot negative reciprocals so

es}

AP

Therefore the pardlindgherceordinates of the intersection of the diagonals of
A rhombus onlyz STUV with vertices S(-2,3), 7(1, 5), U , and V3, 1).

o
7
4
\ \
P78 3 -1‘0 )
\ =d
-4
6 —— —
=] =]
ere o de 3 -

The slope is -2/3 so follow the slope from (27T

7
Go -~ \2
Down 3 and left 2 or from (3,-1) up 2 and left 3 :

Find the coordinates of the intersection of the diagonals of =LMNO
with vertices L(1, 4), M (7, 4), N(6,0), and O (0, 0).

VA RY
N

15 }b




pes: 4/1and 1/4

sides are congruent, 7 1]
the slopes
) . [=] =]
ot negative reciprocals so
es| de d ere o de Loant) B
b

Therefore the pardlindgherceordinates of the intersection of the diagonals of
A rhombus onlyzSTUV with vertices 5(=2,8), T(1, 5), U , and V(3, 1).

7
The slope is -2/3 so follow the slope from (27T < Q
N \

Go A
Down 3 and left 2 or from (3,-1) up 2 and left 3
> ,:

Find the coordinates of the intersection of the diagonals of =LMNO
with vertices L(1, 4), M (7, 4), N(6,0), and O (0, 0).

| (3?}}

Students, draw anywhere on this slide!

Check

A quadrilateral has vertices A(2, 6), B(3, 7), and C(6, 4). Which of the
following points would make ABCD a rectangle?

Y

Students, draw anywhere on this slide! e S

Three vertices of o WXYZare W (-1, -3), X (-3, 2), 4, —-4). Find
the coordinates of vertex Y.

Follow the slope up 5 and left tw
(2,1) is the missing vertex.

la)
i \
] N~ [
\
T EPEEELI]
Answer true or fajse. -

1. All rectangles are parallelograms. |
—_—

. All squares are rectangles. l

« All rhombi are squares. |"

. All rhombi are parallelogr: . \

_—

2
3
4. All squares are parallelogramsfr
5



K: Students, draw anywhere on this slide! b

Three vertices of o WXYZare W (-1, -3), X (-3, 2), 4, —-4). Find
the coordinates of vertex Y.

Follow the slope up 5 and left twd
(2,1) is the missing vertex.

e
-t

L7 R - a o

Answer true or fajse. o~

1. All rectangles are parallelograms. |
—_—
2. All squares are rectangles. l

« All rhombi are squares. |"

3
4. All squares are parallelogramsT_
5

. —
. All rhombi are parallelogr: . \
-
e Students, draw anywhere on this slide! be
. Students, draw anywhere on this slide! feae Deckiny



